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A THULLEN TYPE THEOREM 
ON COHERENT ANALYTIC SHEAF EXTENSION 
by Yum-Tong Siu 
0. Notations 
A:;(r) = {ZEC"]  max(Iz, ~ ; ~ ~ , ~ z ~ - ~ ~ , ) )  5 r). 
Complex spaces are in the sense of Grauert (i.e., not necessarily reduced). 
T I  F is an analytic sheaf on a complex space X, then FCnl denotes the 
analytic sheaf defined by the following presheaf: 9 f " 1 ( ~ )  = direct limit of 
{T(U - A, 9 )  IA G %(U)), where %(U) is the directed set of al1,subvarieties 
of dimension g n in U directed under inclusion. 
If 9 is an analytic subsheaf of 9, then Yc,,,, or simply Ylnl denotes the 
analytic subsheaf of F defined as follows: (Y[,l,), = {s E Fx] for some 
open neighborhood U of x and some subvariety A of dimension 5 n in U ,  
s is induced by some t 6 T ( U ,  9 )  such that t ,  E Y, for y E U - A). 
1. Introduction 
Recently a number of papers have been written on the subject of ex- 
tending coherent analytic sheaves (Frisch-Guenot [Z], Serre 171, Siu [9], 
[lo], [ I l l ,  [12], and l'rautmann 1161, [l7], [18]). The best result obtained 
so far is the following [12, Th. I,]: 
Theorem 1. Suppose 0 S a < O and F is a coherent analytic sheaf 
on GN(b) - ~ : ( a )  such that Fc'"" = 9. Then F can be extended 
~miquely (up to isomorphism) to a coherent analytic sheaf F' on ~ ~ ( b )  
satisfying (F')["'ll = F'. 
When applied to extension through subvarieties, Theorem 1 yields 
readily the following: 
Theorem 2. Suppose F is a coherent analytic sheaf on X - V, where V 
is a subvariety of dimension 5 11 in a complex space X. If 9["+ ']  = F ,  
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then F can be extended uniquely (up to isomorphism) to a coherent 
analytic sheaf on X satisfying (P')["+'l = 9'. 
However, there is a conjecture that, in the theory of coherent analytic 
sheaf extension, these results are still not the sharpest possible. The 
sharpest result is conject~ired to be the following Hartogs type extension 
theorem : 
Conjecture 1. Suppose 0 5 a c c < b and F is a coherent analytic 
sheaf on ( ~ ~ ( b )  - ~r(a))U G ~ ( c )  such that 9'"' = 9. Then can be 
extended uniquely (up to isomorphism) to a coherent analytic sheaf F' 
on ~ ~ ( b )  satisfying (F')'"~ = g'. 
When applied to extension through subvarieties, Conjecture 1 yields 
readily the following Thullen type extension theorem: 
Conjecture 2. Suppose 9 is a coherent analytic sheaf on X - V, 
where V is an irreducible subvariety of dimension n in a co~nplex space X. 
1f gCnJ = P and 9 can be extended coherently at some point of V, then 9 
can be extended uniquely (up to isomorphism) to a coherent analytic 
sheaf 9' on X satisfying (9')["] = 9'. 
The conjectures are still unsolved. All available methods seem insufficient. 
In this note, we prove the following Thullen type theorem which is stronger 
than Theorem 2 but weaker than Conjecture 2. 
Main Theorem. Suppose 9 is a coherent analytic sheaf on X - V, 
where V is an irreducible subvariety of dimension 11 in a complex space X, 
such that 9 [ " '  = F and OEn+21s = 0 (where 0 is the zero subsheaf of 9 ) .  
If 9 can be extended coherently at some point of V, then 9 can be extended 
uniquely (up to isomorphism) to a coherent analytic sheaf F' on X satisfying 
(gf)[nl = 9 1 .  
I11 [I#] and [15], Thilnm considers the problem of extending coherent 
module-sheaves (i.e., subsheaves of finite direct sums of structure-sheaves) 
on reduced complex spaces. He introduces a reduction process which can 
determine whether a coherent module-sheaf can be extended through a 
subvariety. There is a disadvantage in his reduction process. The obstruc- 
tions to extension, which are obtained in the reduction process, cannot be 
linked directly to some intrinsic and easily verifiable properties of the 
coherent module-sheaves. However, his reduction process is powerful 
enough to give the following Thullen type extension theorem for module- 
sheaves : 
Theorem 3. Suppose (X, 0) is a reduced complex space and V is an 
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irreducible subvariety of dimension n in X. Suppose JH is a coherent analytic 
subsheaf of OP on X - V and JLFn1 = Ji". If ~i can be extended coherently 
a t  some point of V, then J%' can be extended to a coherent analytic subsheaf 
of OQn all of X. 
The Main Theorem can be easily proved from Theorems 2 and 3 and 
results of [ lo] ,  but in this note we are going to prove the Main Theorem 
without using Thiinm's results. So this note in a way can also be regarded 
as another proof of Theorem 3. 
Suppose 9 is a coherent analytic sheaf on a complex space X and 9 is 
a coherent analytic subsheaf of 9 on X. Yc,,,, is called tbe nr" relative gap- 
sheaf of Y with respect to  .F and is first introduced by Thilnm [13]. Denote 
{ x  E X I (3Cn,,)x # Y x }  by E1'(9 ,9) .  9 [ " ]  is called the n'" absolille gap- 
sheaf' of 9 and is first introduced in [lo].  There is a canollical sheaf-homo- 
morphism 9+ S t " ]  whose kernel is OEnI9. When OCri19 = 0,  we regard F 
as a subsheaf of 9 [ " ]  and denote { x  E X t(FCnl), # FX} by Er'(.F). 
We list here results we need from gap-sheaves. Proofs of these results 
can be found in [8], [ lo] ,  and [13]. 
Proposition 1. gel,,, is coherent and E n ( @ , F )  is a subvariety of 
dilnensiol~ 5 n it1 X. 
Proposition 2. (a) If O,,,, = 0, then .FCnl is coherent and E n ( f l )  is 
a subvariety of dimension i n in X. 
(b) If FCnl = 9, then OE,l+llr = 0. 
There is another kind of gap-sheaf we need. Suppose V is a subvariety 
in X and 5" is a coherent analytic subsheaf of 9 on X - V. Denote by 
Y [ V ] ,  or simply by Y [ V ]  the subsheaf of 9 defined as follows: 
(Y[V],),  = { s  E ~ , I  for some open neighborhood U of x ,  s is induced 
by some t E T ( U , F )  such that s, E Y, for y E U - V } .  
Proposition 3. Y [ V ] ,  is coherent if and only if Y can be extended 
to a coherent analytic subsheaf of 9 on X. 
Proofs of Proposition 3 can be found it1 [8] and [13]. Y [ V ] ,  is called the 
relative gap-sheaf of Y with respect to  9 and the exceptional subvariety V. 
If 9- c 9 is a coherent analytic extension of Y defined 011 an open subset 
of X containing X - V, then we denote Y [ V ] ,  also by F [ V ] ,  or F [ V ] .  
If dim V 5 n and FCo1 = 9, then Y can be extended to an abstract 
coherent analytic sheaf 22 on X if and only if Y call be extended to a 
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coherent analytic subsheaf of 9 on X ,  because there is a natural sheaf- 
homoinorphism from 9 to 9. 
3. Some Lemmas 
,O denotes the structure-sheaf of C". If V  is a subvariety of X ,  then f ( V )  
denotes the ideal-sheaf of V on X .  
Lemma 1. Suppose G is a domain in C" and f is an ideal-sheaf on G 
such that 3C,,-21 = 9.Let { X i } i  ., be the set of all branches of the zero-set 
of 3. Then there exist natural numbers k,, i E I ,  such that 9 = nls , Y ( X ~ ) ~ , .  
Proof. The case Y = 0 is trivial. We can assume 9 f  0. Since 9~,,-,, =9, 
every X i  has dimension n - 1. 
Take i E I .  Take x € X i  - Uj,,x, such that X i  is locally irreducible at x. 
Let R  = ,,Lo, and P = 3(X,),. Let R p  be the quotient ring of R  with respect 
to the multiplicative system R - P. R p  is an integrally closed Noetherian 
domain with PRp as the only proper prime ideal. R, is a Dedekind domain. 
f x R p  = P ~ ' R ,  for some natural number kci. Hence, for some a E R - P,  
c pk' and nph' c For some open neighborhood U  of x in 
G - U j , i ~ j ,  a is induced by some f E: T ( U ,  ,,@). By shrinking U ,  we have 
f 9 c f on U  and f 3 ( ~ ~ ~ '  c 3 on U .  There exists yi E U f'l X i
such that f ( y i )  # 0. Hence 3 = f ( ~ ~ ) ~ '  at y,. 
Let $ = n, (xi)". Clearly ,,-,, = f ,  Let Z = { y  E X  13, # f , ] .  
Z is a subvariety. Since Z c U; .,XI and y, # Z for i E I, dim Z S n - 2. 
I t  follows from flI,r-2j = 9 and ~ t , - , l  = $ that Z is empty. 9 = $. 
Q.E.D. 
If 9- is a coherent analytic sheaf on a reduced normal complex space X, 
then the set of points where 9 is not locally free is a subvariety of codirnen- 
sion 2 1 [ I ,  Prop. 81 and we denote this set by T ( 9 ) .  
Lemma 2. If 2F is a torsion-free coherent analytic sheaf on a reduced 
normal complex space X ,  then T(2F) is a subvariety of codimension 2 2. 
Proof. Suppose the contrary. We can assume that X is connected. 
Let rz = dimX and S be the singtllar set of X. We can find a collnected 
Stein open subset U of X - S such that U n T ( F )  is an irreducible sub- 
variety of dimension TI - 1. 
Choose a non zero holomorphic functioil f on U  which vanishes iden- 
tically on U  n T ( 9 ) .  Let Z be the set of points in U  where codh 91 f 9  
I iz - 2, Z is a subvariety of dimension n - 2 in U  [6, Satz 51. There 
- 
exists x E U  n T ( 9 )  - Z.  codh ( 9 )  2 - 1. codh F,r 2 n. 
9 is locally free at x. Contradiction. Q.E.D. 
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A Cm real-valued function v on a domain G in Cn is called q-convex 
if the hermitian matrix 
has at least n - q + 1 positive eigenvalues a t  every point of G. A function 
w on a subvariety of G is called q-convex if it is the restriction of a q-convex 
function on G. An open subset D of a complex space X is said to be q- 
concave at a boundary point x of D, if for some open neighborhood U of x 
in X and some q-convex function u on D,  D 17 U = { y  E U I u(y)  > u(x)). 
In [lo] the following is proved (Theorem 3) : 
Proposition 4. Suppose 9 is a coherent analytic sheaf on a complex 
space X such that 9rq-11 = 9. Suppose D is an open subset of X such 
that D is q-concave at a boundary point x of D. Then every element of 
T (D ,9 )  can be extended to an open neighborhood of x and the germ at x 
of the extension is uniquely determined. 
By using the techniques of Rothstein [4, $81, the local extension result 
of Proposition 4 yields readily the following global Hartogs type result: 
Proposition 5. Suppose 1 5 q < rz and a < c < b. Let 
H = (Gn(b) - A,"(a))U GU(c). If 9 is a coherent analytic sheaf on Gn(b) 
such that 9 [ " 1 1  = 9 ,  then the restriction map r(Gn(b), 9) -+ r ( H , F )  is 
an isomorphism. 
Lemma 3. Suppose 1 5 q < n - 1 and n < c < b. Let 
H = (GU(b) - A:(a)) U Gn(c). Suppose Y is a coherent anaIytic subsheaf 
of ,,UP on an open neighborhood D of Gn(b)- and Ycql = Y. Let f be a 
holomorphic function on D vanishing identically on E"-'(,O~/~'). Then 
there exists a natural number k such that f k ~ 1 ( ~ , 9 )  = 0. 
Proof, Let F = ,,QP/.Y. Since Ycpl = 9, 01q19 = 0. By Proposition 2, 
9["-'] is coherent. Since f vanishes identically on E~-'(F), there exists a 
natural number k such that f ' l c  9 on Gn(b). 
The following is a commutative diagram with exact rows: 
192 RICE UNIVERSITY STUDIES 
Take s E H'(H,  9 ) .  s = /3(t) for some t E T ( H ,  $1. By Proposition 5, t can 
be extended to t' E T(Gn(b),  9'" -'I). f't' E T ( G n ( b ) , F ) .  fk t '  = ~ ( u )  for 
some zl E I'(G"b), l,OP). f k s  = /3a((u) = 0. Q.E.D. 
4. Main Lemma 
Main Lemma. Suppose n 2 3 and 0 c r < 1. If J L  is a coherent 
aanalytic subsheaf of ,,UP on D = (G"(1) - { z ,  = z ,  = 0 ) )  u Gn(r.) such 
that d2'C11-21 = d l ,  then JL  can be extended to a coherent analytic subsheaf 
of ,UZ on Gn(l) .  
Proof. Let V = Gn( l )  n {z, = z, = 0 ) .  We need only prove that 
A [ V ]  is coherent on G1'(1). We are going to prove this by induction on p. 
( a )  p = 1. ~ i"  is an ideal-sheaf. Let {Xi),,, be the set of all branches 
of the zero-set of JL. By Lemma 1 ,  JL  = ni, ,9(x i )"  for some natural 
number lc,. Since dLr,l-zl = dL, every X i  has dimension 2 17 - I .  The 
topological closure X ;  of X i  is a subvariety in Gn( l )  [3,  Satz 131. d [ V ]  
= ni t - I J J ( ~ ; ) ' l  is coherent on G1'(l). 
(b) p > I .  ,UP = 0 ,U. Let a :  ,,Lo P - l -  be the injection from 
the first summand and let p :  ,,UP+ f,Q be the projection onto the second 
summand. Let A'" = a -'(A!') and 9 = /3(dl). 
Let Y be the (?I -2)-dirnensional component of E " - ~ ( ~ , , , u ) .  We are going 
to prove 
Suppose (1)  is false. Take x E E " - ~ ( ~ , , ~ Q )  - ( Y  U T ( M ) ) .  For some Stein 
open neighborhood U of x in D - ( Y  u T ( N ) ) ,  we can find s G T(U,3,11-,,) 
such that s, 6 9,. Let Z = {y t U 1 s, $ 9 y ) .  Since Z c E"-~(JJ,,,,U) - Y, 
dim Z 5 11 - 3. From the exact sequence 0 -+ Jf %Y 3 0 
(where a' and /I' are induced respectively by a and P), we obtain the exact 
sequence T(U - Z,dL)  &T(u - Z , Y )  -+ H1(U - Z , M ) .  Since M is 
localIy free on U ,  H1(U - Z ,  M )  = 0 [5, Korollar zu Satz 31. sl u - Z = B(t)  
for some t E r ( U  - Z ,  dl). Since d l  , = L t = i 1 U - Z for 
i~ T ( U , d l ) .  s, = /3'(tT) E 9. Contradiction. (1)  is proved. 
Clearly A'"l,,-,l = M. By induction hypothesis, A'" can be extended to 
a coherent analytic subsheaf Y of ,,QP-' on Gt1(1). We can assunle that 
Y r n - 2 1  = 9'. 
By [3, Korollar zu Satz 121, the topological closure Y -  of Y is a sub- 
variety in Gn(l) .  Let d be the ideal-sheaf of Y-  u T ( Y ) .  
Choose arbitrarily a, c, b such that 0 < a < c < I .  < b < 1. Let 
H = (G1'(b) - A::-,(a)) U G1'(c). H is relatively compact in D. By ( I ) ,  there 
exists a natural number 1 such that Lf"91,r-21 c 9 on H. 
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By (a), 9rn-,1 can be extended to a coherent ideal-sheaf2 on Gn(l ) .  
Let S = Y - V T ( 9 )  u E " ~ ( , O ~ - ' / Y ) .  By Lemma 2 ,  dims  S 11 - 2. 
Take arbitrarily x E H - S.  Since d' f  is coherent on the Stein open set 
Gn( l ) ,  ( d a Z ' f ) ,  is generated by F(G"(l) ,  &I f ) .  Since dp$c 9 on H and 
9x = (daZ'j l t )x ,  9x is generated by F ( H , 9 ) .  
The exact sequence 0 -+ JV* A 4 9 -+ 0 yields the following 
exact sequence: F(H,  A )  %F(H, 9 )  -+ H 1 ( H ,  M ) .  Choose a holomorphic 
function f  on G n ( l )  such that f  does not vanish a t  x and f  vanishes identi- 
cally OII ~ " - ~ ( , , 0 ~ - ~ / 9 ) .  By Lemma 3,  there exists a natural number k such 
that f k ~ ' ( ~ ,  M )  = 0. Hence f k F ( ~ , 9 )  c Imp*. We have: 
(2) P*(I'(H, Ji')) generates 9x. 
Since Y is coherent on the Stein open set Gn( l ) ,  F ( G n ( l ) , Y )  generates 9,. 
Hence F(H,  M )  generates M,T. This together with (2 )  and the arbitrariness 
of x gives us: 
(3 )  F ( H ,  Ji) generates Ji',, for y E H - S .  
Every s E F ( H , J l )  can be extended to S E T(G"(b), .OP). Let 9- be the 
subsheaf of ,,OP on Gn(b) generated by { S  1 s G F(H, M)) .  9- is coherent on. 
Gn(b). By (3 ) ,  5 agrees with dl on H - S.  Since dim S S n - 2 and ~ I f r - 2 1  
= dl, 5[,-,, agrees with dl on H. Let W be the subvariety in D n G"(b) 
where ~ / l  and 9-r11-21 disagree. Since W n H = (2(, dim W 2 n - 3. Since 
dlo,-,l = JL,  d L  agrees with 5rn-,l on D n Gn(b). &[V]  agrees with 
5i,I-,1 on Gn(b). d/d[V] is therefore coherent on G y b ) .  The Lemma follows 
from the arbitrariness of b. Q.E.D. 
Corollary 1. Suppose n 2 3 and i- > 0. Suppose 9 is a coherent 
analytic sheaf on G"(r) and 9 is a coherent analytic subsheaf of Y on 
Gn(r) - {z, = z ,  = 0 ) .  If Ftn-,], = F and 9 can be extended at some 
point of Gn(r) n { z ,  = z ,  7 0 )  to a coherent analytic subsheaf of 9, 
then 9 can be extended to a coherent analytic subsheaf of Y on Gn(i-). 
Proof. Let V = Gn(r) n { z l  = z 2  = 0) .  We are going to prove 
the coherence of F [ V ] , .  Since the coherence of F [ V ] ,  is local in nature, 
by shrinking r  we can assume that we have a sheaf-epimorphism 
77 : ,OP -+ 9 on G"(i-). 
Let A = q - ' ( F )  on Gfi(r) - V. Frl,-,l, = 9 implies that = &. 
Since 9 is extendible at some point x, of V, dt' is extendible at x,. After a 
coordinate transformation, we can assume that x, = 0. By the Main Lemma, 
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A can be extended to a coherent analytic subsheaf of ,,UP on Gn(r). A [ V ]  
is coherent on Gn(r). The coherence of F [ V ] ,  follows from .F[V],  
= v ( A [ v l ) .  Q.E.D. 
Corollary 2. Suppose X is a complex space and V is a subvariety of X. 
Suppose 3 is a coherent analytic sheaf on X and .F is a coherent analytic 
subsheaf of 9 on X - V such that .Fen,, = F and .F can be extended to a 
coherent analytic subsheaf of 9 at some point of I/: If there exists a proper 
nowhere degenerate holomorphic map n: from X to Gn+'(l) such that n 
maps V biholomorphically onto Gn+,(l) n { z ,  = z ,  = 0},  then . F [ V ] ,  
is coherent. 
Proof. Let V '  = n:-l(n:(v)). Let 9" be the zeroth direct image of 9 
under and let S *  be the zeroth direct image of F 1 X - V'  under n I X - V ' .  
9" is a coherent analytic sheaf on ~ " " ( 1 )  and g* is a coherent analytic 
subsheaf of 9 *  on G + Z ( l )  - ( z ,  = z ,  = 0).  
I t  is easily seen that 9*1,,,,, = .F*. Let Z = Gn+2(1) n { z ,  = z2 = 0). 
Since S can be extended to a coherent analytic subsheaf of 9 at some 
point of V, S *  can be extended to a coherent subsheaf of 9" at some point 
of Z.  By Corollary 1 , F *  can be extended to a coherent analytic subsheaf of 
9* on ~ " ~ ~ ( 1 ) .  .F*[Z],, is coherent on Gn+2(1). .F* is generated on 
G"'(1) - Z by T ( G + 2 ( 1 ) ,  F*[Z],,). Hence F is generated on X - V' 
by J?(X,.F[V1],). Let Y be the analytic subsheaf of 3 on X generated by 
T(X,FIV1] , ) .  Y is coherent and agrees with 9 on X - V ' .  Since dim V '  5 1.1 
and Fen,, = 9, 9' agrees with .F on X - V. . F [ V ] ,  is coherent. Q.E.D. 
5. Proof of Main Theorein 
Lemma 4. Suppose X is a complex space, V is an irreducible non 
singular subvariety of dimension n in X, and Y is a subvariety of pure 
dimension n + 1 in X containing V. Suppose 9 is a coherent analytic sheaf 
on X and F is a coherent analytic subsheaf of 3 on X - V such that 
FLnl, = F and 9 agrees with 3 on X - Y. If F [ V ] ,  is coherent at some 
point of V, then .F[V] ,  is coherent on X. 
Proof. 
(a) First we prove the special case X = Y. Let B be the subset of V 
where 9 [ V ] ,  is coherent. B is non empty and is clearly open in V. We need 
only prove that B is closed in V. Suppose the contrary. Then there exists a 
boundary point x of B in I/: We can find an open subset U of x in X and 
a proper nowhere degenerate map n from U t o  Gn+2(1) such that n maps 
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V n U biholomorphically onto Gn+'(l) - (z, = 2, = 0).  By Corollary 2, 
F [ V ] ,  is coherent on U ,  contradicting x 4 B. 
(b) Let Y = U ,  Ye be the decomposition into branches. Take x, E Y, - V 
- UB+ a Yp. Since F and 9 agree on X - Y, we can choose a natural number 
k,  such that Y ( Y , ) ' ~ ~  c F at xu. Let .JJ = n,9(~~)". 
We are going to prove: 
Let A be the subvariety of X - V where 9 %  Q F. Then A c  Y and x, $ A. 
Hence dimA 5 n. (4) follows from F'ltlll, = F. 
Let 9 '  = 9/99 and 11: 9+9' be the quotient map. Let 9' = ~(9). 
By (4) ,  we have vi-l (9') =9. It is easily verified that F'Cnlg ,  = g' on 
X - V and q ( 9 [ V l g )  = F1[V], . .  Hence g l [ V ] , ,  is coherent at some 
point of V. 
By restricting 9' and 9' to Y - V and Y respectively, we can regard 3' 
as a coherent analytic sheaf on the complex space (Y, 819) and regard 9' 
as a coherent analytic subsheaf of 9 '  on (Y  - V, ((019) 1 Y - V) .  By (a), we 
conclude that P'[V] , ,  is coherent on X. The coherence of 9 [ V ] ,  follows 
from ~ - ' ( F ' [ v ] , ~ )  = 9 [ V l g .  Q.E.D. 
Proof of the Main Theorem. The uniqueness of extension follows very 
easily from ( F 1 ) [ " ]  = 9 '  and dimV 5 n. We are going to prove the 
existence of extension. 
(a) First we assume that V is non singular. Since Oc,l+21F= 0, 9C1'+'1 is 
coherent on X - V. By Theorem 2, PIn+ ' I  can be extended to a coherent 
analytic sheaf 9 on X satisfying $9Ln+'1 = 9. Since PC" = g, En+'(F)  is a 
subvariety of pure dimension iz + 1 in X - V. Hence the topological closure 
Y of En+'($) is a subvariety of pure dimension n f 1 in X. We distinguish 
two cases: 
Case (i). V qk Y. Let V'  = V n Y. Then dim V' 5 n - 1. Since F 
agrees with 9 on X - ( Y  u V ) ,  we can define a coherent anaIytic sheaf 
Y on X - V '  by setting 9 = 9 on X - Y and setting Y = F on X - V. 
It is clear that Y["] = Y. By Theorem 2, Y can be extended to a coherent 
analytic sheaf 9 on X satisfying FCnl =9. 9- extends 9. 
Case (ii). V c Y. Since F can be coherently extended at some point 
of V, F [ V ] ,  is coherent at some point of V. By Lemma 4, F [ V I g  is 
coherent on X. F [ V I g  extends F and satisfies (F[V],)["] = F[V], .  
(b )  For the general case, let Z be the set of singular points of V. V - Z is 
an irreducible non singular subvariety of dimension n in X - 2. Since F is 
coherently extendible at some point x of V, 9 is coherently extendible 
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on some open neighborhood U of x in X. Take y E U n ( V  - Z). S is 
coherentIy extendible at y. By (a), 9 can be extended to a coherent 
analytic sheaf 9"IX on X - Z satisfying (9*)["l = 9" . Since dim Z 5 n - 1, 
the general case follows from Theorem 2. Q.E.D. 
Added in  proof. Meanwhile Conjecture I has been solved by the 
author in the paper, "A Hartogs type extension theorem for coherent 
analytic sheaves," to appear in the Annals of Mathematics. 
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